Lecture 2

Chapter 2

Convolution
Impulse response
Difference equations
Correlation functions



Let us look at a few simple examples that illustrates your
previous familiarity of convolution!

Ex: Ordinary decimal multiplication: 101 -11=1111, (100+0+1)-(10+1)=1000 + 100 + 10 +1

Ex: Ordinary binary multiplication: 101-11=1111, (4+0+1)-(2+1)=8+4+2+1=23+22+21+20
(5) - (3) =(15) in decimal

Ex: Ordinary polynomial multiplication: (x? + 1) - (x +1) = (1x3 + 1x?2 + 1x +1)
(1x? + 0x! + 1x9) - (Ix + 1x°)

We will soon see that (101) = (11) = (1111)
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Assume we have a Linear and Time-Invariant system (LTI), here
denoted by h(n) (it will soon be clear why we use this notation)

x(n) — h(n) > y(n)




Time-Invariance =>

Linearity =>

x(n) — h(n)

— y(n)

Input signal —

Output signal
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From previous lecture!

Using the impulse we can write

E)/ x(n):{ 1 41 }=1-6(ﬂ)+4-6(n—1)+1-cS(n—Z):
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Example of convolution

Given: Input signal x(n) and impulse response h(n).

x(my={2 4 6 4 2|
3 (249¢v )
Hm={3 2 1] (0246412
Find: Output signal y(n). —I—-g\ '(D 0 Y &Y /l)

y(n)=) h(n-kx(k)=) hkx(n-k) b6 28257205 2
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Solution: We solve the convolution graphically with the following visual procedure

For n =0:

ho-k) 1 2 3
x(k) 2 4 6 4 2
> W0-kx(k) 6 ¥ =6=3(0)
<
Forn=1:
h(1—k) 12 3 —/ 5743/3
x(k) 2 4 6 4 2




For n = 2:

h(2—k) 1 2 3 —> 2 stepg
x(k) 2 4 6 4 2
2 h(2 - k)x(k) 2 8 18 Y =28=y(2)

We continue to do the same process for n=3,4,5,6, and we get

pm)={6 16 28 28 20 8 2 |



We can formalize the procedure by using a Convolution Table =>

X(n)
We had: h &)

1IN
s
@)
o

16 2

/
/

|2
c\

//
//




Properties of convolution (page 81)
Commutativity

x1 (1) % x5(11) = X5 (n)  x; (1)
Associativity

x1 (1) # [205(n) # x3(11)] = [x (1) % % (1)] * x3(n)
Distributivity

x1(n) = [xp(n) + x3(n)] = x1 (1) * x5(n) + x1 (1) * x3(1)
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Input-output

— y(n)

— y(n)

11



Parallel coupling

— y(n)
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Stability (sid 85)

A system is BIBO-stable (bounded input-bounded output) if

x(m) <M, = [|p(n)|<M,

or equivalently

i h(k)x(n—k)

k=—co

|v(n)] =

< ) I®lx(n—Fk)
k=—oc0

<M, ) [h(k)]
k=—c0

The system is therefore stable if

k=—o00
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Difference equations (page 93-95)

General:
N N
1)+ Zaky(n —k) = Zbkx(n —k)
k=1 k=0
Example

The FIR-filter
y(n) = 0.5x(n) +0.25x(n—1)+0.15x(n—-2) => h(n):{ 0.5 0.25 0,15}

Since, if the input x(n)=6(n) =>y(n) = =0.5 6(n) + 0.25 6(n-1) + 0.15 6(n-2) {O 50.250.15}
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Example

A first order IIR-filter:
y(n)=0.5y(n—-1)+ 2x(n)

A second order IIR-filter:
y(n) =0.5y(n-1)+0.5y(n-2) + x(n)

We will use the Z-transform to solve a recursive difference equation (lIR)
(Chapter 3)
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Given: Find:
1 !
(m) = () - u(n) p(n) = h(n) *x(n)
ic(n) =u(n)
=0 7éw /<<0

Solution: Convolution gives

- km =0 fub ﬂ-«é<0

)
p(n)= ) hikpx(n-k)= > (’é]u(é)-u(n-k) & ke >n
e K=—eo I\
h(K)  X(h—k) ’



The solution is therefore
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Correlation functions (sid 118)

How similar are two signals?

Auto correlation function

o0

'er(K) = Z x(n)x(n—k) = x(k)*x(—k)

n=—0oco

Cross correlation function

k) =) y(n)x(n—k) = p(k) *x(=k)

Hn=-—0co
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Cross correlation for input and output signals

x(n) — h(n) — vy(n)

The auto correlation for the input signal:

r.\'.\'(k) — X(k) . x(_k)

The cross correlation between the input signal and the output signal:
() = (k) * x(~K)

-3
= h(k) * 1y (k)
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The auto correlation for the output signal:

= (k) (k *h( k)x—x( k)
(&) j( L)

= Tnh k * rxx
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