Lecture 4

Digital Signal Processing

Chapter 3

z-transforms






z-transform

We defined the z-transform of the impulse response h(n) as

H(z) = i hin)z™" = ih(n)z_”

n=—00 n=>0

where h(n) = 0 for n < 0 and where z = re?.



Poles and zeros

Ex: Find the System function H(z) from a given difference equation

y(n)—1.27y(n—-1)+0.81ly(n—-2)=x(n—-1)—x(n—2)

Y(z)-1.27z71Y(2) +0.81272Y(z) = 271 X(2) - 27* X (2)
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T 1-1.27z"14+0.81z-2 “1;_7
z—1
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z2-1.27z+0.81

Finding the roots to the denominator polynomial

22 -1.272+0.81 =0

z—1 =10 S =1 |

Finding the roots to the numerator polynomial t
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Poles:

1.27 1.27\2
- +4/[—=) -0.81
T \/( 2 )

= 0.64 +j0.64

/eros: 7—1 =10 —> z=1




The factoring of H(z) can now be written as

Z_l _2_2
H@) = 1127, T 08122
z—1
T 22-1.272+0.81
z—1

|

(z— 0.9ej%)(z— 0.96_1%)



z—1

H{z) =

Pole-zero diagram: /m2 (Z — 0.9€j% ) (Z —0.9e _j%)
N

Filter response When...

Hig)=0 z is a zero.
o> _ -
/Rcz, H(z)= z is a pole.
H(z)= 0 z is close to a zero.
x H(z)>1 z is close to a pole.




z—1

H{z) =

Pole-zero diagram: /m2 (Z — 0.961% ) (Z —0.9e _j%)
N

Filter response When...

0.7,/ Hiz)=0 Z 1S a zero.

z 1s a pole.

z is close to a zero.
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z) 2> 1 z is close to a pole.
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z—1
H(Z) - (z 0. 9e14)(z O.9e‘j%)
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The amplitude response is:

Vil
H —
[H(wo)l = 151051

The phase response is:

ZH(CL)O) — ZVl —ZUI —ZUZ = X7 _ﬁl —/32
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z-transform of second order system

Sine

h(n) =" -sin(wn)u(n)

1 4. ‘
— 1, = . (e]am _e—]wn)u(n)
J

1 1 1

H(z) = ( : — :
(2) 2] \1-relwz-1 1-redwz-1
rsin(w)z !

~ 1-2rcos(w)z™! +r2z2

|

Cosine
h(n) =r" - cos(wn)u(n)

1
2

n

— 7 . ( jon | e—j(mz)u(n)

H(z)

1 1 " 1 )
-2 \1-relvz-1 " 1—re-iwz-1
1 —rcos(w)z™!

~ 1-2rcos(w)z~! + 1222
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Example

We had

H(z)

H(z)=z"!.

z71 772

T 1-1.27z-1+0.81z2

—

1-1.27z140.8122

1

1 —rcos(wg)z™" + (r cos(wg)z™! — z‘l)

=1

rsin(wy
rsin(wy)

1-1.27z71+0.81z72

; 1—z71 — /~Cos (o)l + 7Los(w)
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i '%S(w()'(ﬂl)) b DL Gingwy - (n-1) ()

rsin(wg)

<Identify 1.27 = 2rcos(wy) and 0.81 = r2. Therefore w, = 77/4 and r = 0.9.)
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To summarize, we have the inverse z-transform given by,

rcos(wy) — 1 M-/
hin)=r""1. [cos(wo (n—1))+ el i) -sin(wq + (1 — l))] - u ()
N~/
=0.9""1. cos(g - (n— 1))— 0.57sin(% - (n— 1))] -u(i)
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Stability

BIBO-stability (bounded input, bounded output)

A sufficient i‘equirement is that

Z\h(ﬂ)\ < 00
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FIR-filter

FIR filters have all their poles at the origin and are always BIBO-stable: h(n) has a

finite duration and ) , |h(n)| is always limited.

First order IIR-filter

Pole in p; = a.

Stable if |a| < 1, or equivalently if the pole lies inside the unit circle.

X
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Second order IIR-filter

Real poles:

H(z) = !

(1-p1z71)(1-pyrz71)

A B
= +
1-p1z7t  1-pyz~!

h(n) = (Apy + Bp3) - u(n)

Stable if |p;| <1 and |p,| < 1.

Fa Y
L
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Second order IIR-filter

Complex conjugated poles: Two poles where p; , = re*?o:

1
H =
O T pe 0 —paz )
) 1
1 —(p1+p2)z~! +p1prz™2
I

— = 2rcos(wg)z 1 +r2z72
h(n) = [Ar™sin(wgn) + Br™ cos(wgn)]u(n)

Stable if |[p;| < 1 and |p,| < 1, or equivalently if |r| < 1.
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Examples of relation between pole/zero-plots and
Impulse response

l¢

e, hln)=a"u(n) st
LT 1

Exponentially increasing step

ol h(n) =a"u(n)
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Examples of relation between pole/zero-plots and
Impulse response

Damped oscillator

Q -
x T, 099990, Time [n

Unstable oscillator
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Appendix: (for those of you that have background knowledge

In Laplace-transforms)

Analog H(s) and discrete H(z)

Analog: Stable if all poles are in the left half-plane.

H(s) = jh(t)e_”dt
t
Discrete: Stable if all poles lie within the unit circle.

H(z) = Zh(n)z“’/I

where z ~ e°.

Example

Panalog = —0.5£0.5j
—0.5+j0.5
Pdigital ~ € ]

_ o-0-5,%0.5

- O.6ei]0.16?'£

s=0+jQ & z=r-el?
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Solving general differential equations

N M

y(n)+ ) ay(n—k) =) bex(n—k)
k=1 k=0
N M

Y(z)+ Zakz_kY(z) = Zbkz_kX(z)
k=1 k=0

Bt B L oot B pp—M
Y(z) = 10+ 12_1 - MZ—N - X(2)
+ad12 +*rect+aANZ

2 zmm) (e mam)

N ampy)(ampy) ) = HEXE)

(52)

(53)

(54)

(55)

where z; are the zeros (roots to the numerator polynomial) and p; are the poles (roots

to th r polynomial). Inverse transform Y(z) by partial fraction expansion
and/the solution is given by the resulting y(n).
2 Devominator
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